Introduction {#Sec1}
============

Superconductor nanostructures are the most advanced platforms for quantum computational architectures thanks to the macroscopic coherent wavefunction and the robust protection by the superconducting gap. Recently, various qubit concepts like the Andreev (spin) qubits^[@CR1]--[@CR5]^, Majorana box qubits^[@CR6]--[@CR8]^, braiding with Majorana zero modes in a Majorana or a Shiba-chain^[@CR9]--[@CR18]^ have been put forward or even implemented. All these qubits are based on their associated subgap states such as Andreev bound states^[@CR19]^, Majorana zero modes^[@CR18],[@CR20]--[@CR26]^ or Shiba states^[@CR27]--[@CR30]^. The Shiba state is formed when a magnetic adatom or its artificial version (quantum dot) is coupled to a superconductor and the localized magnetic moment creates a subgap state by binding an anti-aligned quasiparticle from the superconductor. Depending on the coupling strength between the superconductor and the magnetic moment, the ground state can be either the screened local moment with singlet character, $\documentclass[12pt]{minimal}
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                \begin{document}$$\left|S\right\rangle$$\end{document}$ or the unscreened doublet states, $\documentclass[12pt]{minimal}
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                \begin{document}$$\left|D\right\rangle$$\end{document}$.

The coupling of these subgap states via a superconductor is an essential next step towards 2-qubit operations or state engineering, e.g. an Andreev molecule^[@CR31]--[@CR33]^ or a Majorana-chain, which consists of series of adatoms or quantum dots interlinked by the superconductor^[@CR9]--[@CR18],[@CR34]--[@CR36]^. Obviously, the coupling between such subgap states strongly depends on their spatial extension into the superconductor, so it is required for these localized states to extend as much as possible.

So far, the spatial extent and structure of the Shiba states were investigated by STM measurements on magnetic adatoms deposited on the surface of a superconductor^[@CR37]--[@CR40]^ and, interestingly, it revealed that the dimensionality plays a crucial role^[@CR39]^. In a three dimensional isotropic s-wave superconductor, it was found that the Shiba states decay over a very short distance of the order of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\sim} 1$$\end{document}$ nm^[@CR37],[@CR38]^, but extends one order of magnitude further, as far as $\documentclass[12pt]{minimal}
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                \begin{document}$${\sim} 10$$\end{document}$ nm, if the impurity is placed on the surface of a two-dimensional superconductor^[@CR39],[@CR41]^.

Shiba states were widely studied in two different types of systems: (a) in STM measurements, when magnetic particles are deposited on the surface of a superconductor^[@CR37]--[@CR48]^, and (b) in nanocircuits, when a quantum dot is attached to the superconductor^[@CR49]--[@CR69]^. The STM geometry allows for the spatial mapping of the Shiba state^[@CR37]--[@CR40]^, but the strength of the coupling between the magnetic adatom and the substrate is mostly determined by the microscopic details and its tuning remains quite challenging^[@CR43],[@CR45]^. In contrast, the quantum dot realization enables the tuning of the energy of the Shiba state via the level position or the tunnel couplings by using external gate voltages^[@CR61],[@CR62]^. Another advantage of the latter setup is the potential to apply an external magnetic field without stability issues.

In this work, we investigate the spatial extension of the Shiba state formed when an artificial atom is strongly coupled to a superconductor. The Shiba state is observed at a remarkably large distance of more than 50 nm. Furthermore, we explore the effect of an external magnetic field on the extension of the Shiba state, as it is relevant to access topological superconducting states. Remarkably, with increasing magnetic field, the spatial extension increases significantly further.

Results {#Sec2}
=======

Implementation of the Shiba device {#Sec3}
----------------------------------

In this paper, we implement a combined approach of systems (a) and (b), where a tunnel probe is attached to a superconductor--quantum dot hybrid. The schematics of the used device are shown on Fig. [1](#Fig1){ref-type="fig"}a. A quantum dot (QD in gray) is strongly coupled to a superconductor (SC in red), leading to the formation of a Shiba state. An additional tunnel electrode (N in yellow) is coupled weakly to the superconductor at a fixed distance from the dot. Applying a small bias between SC and N, the tunnel current, $\documentclass[12pt]{minimal}
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                \begin{document}$${I}_{{\rm{T}}}$$\end{document}$ and the corresponding differential conductance, $\documentclass[12pt]{minimal}
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                \begin{document}$${G}_{{\rm{T}}}$$\end{document}$ are measured, while the energy of the Shiba state is tuned by the plunger gate $\documentclass[12pt]{minimal}
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                \begin{document}$${g}_{{\rm{P}}}$$\end{document}$.Fig. 1Schematics of the setup.**a** The normal metal-superconductor-quantum dot (N--SC--QD) setup used in our measurements. The QD is strongly coupled to the s-wave superconductor, giving rise to the Shiba state. The normal lead N is coupled to the superconductor at a finite distance $\documentclass[12pt]{minimal}
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                \begin{document}$${x}_{{\rm{T}}}$$\end{document}$ from the dot, and acts as a tunnel probe and measures the current as the energy of the Shiba state is tuned. The external magnetic field B is applied in-plane of the wafer. **b** False color SEM image of the device, and **c** cross section of the device. The QD is formed in an InAs nanowire (gray) by applying voltages on the bottom gate electrodes (yellow). The plunger gate $\documentclass[12pt]{minimal}
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                \begin{document}$${g}_{{\rm{P}}}$$\end{document}$ controls the level position of the dot, the barrier gate $\documentclass[12pt]{minimal}
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                \begin{document}$${g}_{{\rm{B}}}$$\end{document}$ isolates the QD. Tunneling to N is controlled by a series of gates. The width of the superconductor is 250 nm and below the superconductor a segment with length of 50--60 nm is cut from the nanowire.

The device is implemented in an InAs semiconducting nanowire (gray), contacted by a 250 nm wide Pb superconducting electrode in the middle (SC in red), and one normal contact (N in yellow) on the left side (see the scanning electron microscope (SEM) image in panel b and the cross section in panel c of Fig. [1](#Fig1){ref-type="fig"}). The electron density in the nanowire is tuned by an array of gates fabricated below the nanowire. The nanowire was cut by focused ion beam (FIB) prior to the deposition of the superconducting contact to suppress the direct tunnel coupling between the two arms^[@CR70],[@CR71]^. The width of the FIB cut is about \~50--60 nm. The quantum dot is formed in the right arm of the wire and its level position is tuned by the voltage $\documentclass[12pt]{minimal}
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                \begin{document}$${V}_{{\rm{P}}}$$\end{document}$ on the plunger gate $\documentclass[12pt]{minimal}
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                \begin{document}$${g}_{{\rm{P}}}$$\end{document}$. The tunnel coupling to the right side can be turned on and off by the barrier gate $\documentclass[12pt]{minimal}
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                \begin{document}$${g}_{{\rm{B}}}$$\end{document}$. Although not displayed in Fig. [1](#Fig1){ref-type="fig"}, there is a normal electrode to the right of $\documentclass[12pt]{minimal}
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                \begin{document}$${g}_{{\rm{B}}}$$\end{document}$, which allows us to measure direct transport through the quantum dot (see Methods). The bulk coherence length for Pb is about $\documentclass[12pt]{minimal}
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                \begin{document}$${\xi }_{0}\simeq 80$$\end{document}$ nm, however, in e-beam evaporated, disordered layers, where the elastic mean free path is considerably reduced^[@CR72]^, the coherence length is limited to $\documentclass[12pt]{minimal}
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                \begin{document}$${\xi }_{0}$$\end{document}$ = 20--40 nm. An in-plane magnetic field $\documentclass[12pt]{minimal}
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                \begin{document}$$B$$\end{document}$ is applied perpendicular to the nanowire axis. Further details on the fabrication and the experimental techniques are presented in the Methods.

Observation of the Shiba state in the tunnel current {#Sec4}
----------------------------------------------------

First we present the results of transport measurements for the strongly coupled superconductor--quantum dot setup isolated from the rest of the device on the right by $\documentclass[12pt]{minimal}
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                \begin{document}$${g}_{{\rm{B}}}$$\end{document}$. The differential conductance of the tunnel probe, $\documentclass[12pt]{minimal}
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                \begin{document}$${G}_{{\rm{T}}}$$\end{document}$ is shown in Fig. [2](#Fig2){ref-type="fig"} as a function of $\documentclass[12pt]{minimal}
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                \begin{document}$${V}_{{\rm{P}}}$$\end{document}$ for different values of the magnetic field. In the absence of magnetic field (see panel a), two pairs of resonances with enhanced conductance are present on top of a smooth conductance background of about $\documentclass[12pt]{minimal}
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                \begin{document}$${G}_{0}=2{e}^{2}/h$$\end{document}$ the conductance quantum). The conductance increment along the lines is about $\documentclass[12pt]{minimal}
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                \begin{document}$$0.005{G}_{0}$$\end{document}$. We use the plunger gate voltage $\documentclass[12pt]{minimal}
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                \begin{document}$${V}_{{\rm{P}}}$$\end{document}$ to tune the level position and subsequently the charge on the quantum dot, while the barrier gate voltage $\documentclass[12pt]{minimal}
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                \begin{document}$${V}_{{\rm{B}}}$$\end{document}$ is used to isolate the dot from the rest of the nanowire on its right side. The barrier gate $\documentclass[12pt]{minimal}
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                \begin{document}$${g}_{{\rm{B}}}$$\end{document}$ has a cross capacitance to the dot, resulting a tilt of the otherwise horizontal resonances. As we explained below, the enhanced conductance lines are the signatures of the zero-energy Shiba state. The presence of the current enhancement is striking, since in usual STM setups the Shiba wavefunction is observed only up to a distance of 10 nm. In contrast, we observe the Shiba state more than 50 nm away from the quantum dot.Fig. 2Observation of the Shiba state in the tunnel current.**a**--**c** Differential conductance $\documentclass[12pt]{minimal}
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                \begin{document}$${G}_{{\rm{T}}}$$\end{document}$ for the tunnel probe as the function of the barrier gate voltage $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${V}_{{\rm{B}}}$$\end{document}$ and plunger gate voltage $\documentclass[12pt]{minimal}
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                \begin{document}$${V}_{{\rm{P}}}$$\end{document}$ for various magnetic fields, as indicated in the panels. The two pair of parallel resonances in the differential conductance map are signatures of the even-odd and odd-even transition of the Shiba state (the upper ones are marked by white circle and triangle) **d** line-cuts at $\documentclass[12pt]{minimal}
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                \begin{document}$${V}_{{\rm{B}}}=-1.497$$\end{document}$ V for each value of the magnetic field is represented (indicated by the arrows below panels **a**--**c**). The blue line corresponds to $\documentclass[12pt]{minimal}
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                \begin{document}$$B=0$$\end{document}$, the red line to $\documentclass[12pt]{minimal}
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                \begin{document}$$B=150$$\end{document}$ mT and the green line to $\documentclass[12pt]{minimal}
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                \begin{document}$$B=250$$\end{document}$ mT. Since the critical magnetic field is $\documentclass[12pt]{minimal}
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                \begin{document}$${B}_{{\rm{c}}}=230$$\end{document}$ mT, the differential conductance enhancement vanishes for $\documentclass[12pt]{minimal}
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                \begin{document}$$B \, > \, {B}_{{\rm{c}}}$$\end{document}$.

Remarkably, applying a magnetic field smaller than the critical field, the conductance enhancement significantly increases (see Fig. [2](#Fig2){ref-type="fig"}b, being measured in 150 mT). The largest conductance peak we observe is of size $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta {G}_{{\rm{T}}}(B=150\ {\rm{mT}})\simeq 0.1{G}_{0}$$\end{document}$, approximately 20 times larger than the zero magnetic field value.

In a 250 mT magnetic field, above the critical field of the superconductor, $\documentclass[12pt]{minimal}
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                \begin{document}$${B}_{{\rm{c}}}=230$$\end{document}$ mT, the resonances vanish (see Fig. [2](#Fig2){ref-type="fig"}c), indicating that the origin of the signal is related to superconductivity. To further illustrate the strong dependence of the signal on the magnetic field, we present in panel c line-cuts at a fixed $\documentclass[12pt]{minimal}
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                \begin{document}$$\simeq -1.5$$\end{document}$ V for the same magnetic fields as in the other panels.

In the following, let us understand what condition of the quantum dot is linked to the tunnel current enhancement. As discussed in the Methods, our device is equipped with an extra normal electrode N$\documentclass[12pt]{minimal}
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                \begin{document}$${}_{{\rm{QD}}}$$\end{document}$ on the right of the quantum dot, which was previously isolated from the rest of the device by the large negative $\documentclass[12pt]{minimal}
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                \begin{document}$${V}_{{\rm{B}}}$$\end{document}$ voltage. Increasing $\documentclass[12pt]{minimal}
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                \begin{document}$${V}_{{\rm{B}}}$$\end{document}$ to more positive values opens up the barrier to N$\documentclass[12pt]{minimal}
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                \begin{document}$${}_{{\rm{QD}}}$$\end{document}$, which allows for a direct transport characterization of the quantum dot. In this way, we were able to measure in parallel both the differential conductance through the quantum dot itself, $\documentclass[12pt]{minimal}
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                \begin{document}$${G}_{{\rm{QD}}}$$\end{document}$, and the conductance through the tunnel probe, $\documentclass[12pt]{minimal}
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                \begin{document}$${G}_{{\rm{T}}}$$\end{document}$. Figure [3](#Fig3){ref-type="fig"}a and b show the conductance of the tunnel probe and the quantum dot, respectively, in a larger gate voltage window in the absence of an external magnetic field. The region marked by a white dotted rectangle is the particular voltage window in Fig. [2](#Fig2){ref-type="fig"}a. Let us follow the resonances (marked by circle and triangle) in the plot of the tunnel current as $\documentclass[12pt]{minimal}
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                \begin{document}$${V}_{{\rm{B}}}$$\end{document}$ increases.Fig. 3Direct characterization of the Shiba state.Differential conductance of the tunnel probe (panel **a**) and the quantum dot (panel **b**) in a larger gate voltage range without magnetic field. The white dashed rectangle marks the region already presented in Fig. [2](#Fig2){ref-type="fig"}a. For more positive $\documentclass[12pt]{minimal}
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                \begin{document}$${V}_{{\rm{B}}}$$\end{document}$, the quantum dot also couples to the right normal lead, N$\documentclass[12pt]{minimal}
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                \begin{document}$${}_{{\rm{QD}}}$$\end{document}$, while the conductance enhancement persists in $\documentclass[12pt]{minimal}
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                \begin{document}$${G}_{{\rm{T}}}$$\end{document}$. The coincidence of the conductance lines on panels **a** and **b** indicates that the tunnel probe measures the level structure of the quantum dot non-locally. **c** Finite bias characterization of the quantum dot with open barrier at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${V}_{{\rm{B}}}=-0.83$$\end{document}$ V, along the white dotted line in panel **b**. The eye-shaped crossing is the signature of the Shiba state, $\documentclass[12pt]{minimal}
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                \begin{document}$$S$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D$$\end{document}$ denotes the ground state character.
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                \begin{document}$${V}_{{\rm{B}}}\ {\gtrsim} -\! 1.1$$\end{document}$ V the tunnel barrier becomes sufficiently small, and transport through the quantum dot also sets in (see panel b of Fig. [3](#Fig3){ref-type="fig"}). The similarities between the resonances in $\documentclass[12pt]{minimal}
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                \begin{document}$${G}_{{\rm{QD}}}$$\end{document}$ indicate that the two conductances are related; the tunnel conductance enhancement is linked to the level position of the quantum dot, i.e. the enhancement is observed when the dot is on resonance with the Fermi level of the superconductor. (See Supplementary Note [1](#MOESM1){ref-type="media"} for transport characterization of the quantum dot in an even larger gate voltage window.)

To gain further insight to the level structure of the quantum dot, a finite bias measurement was performed along the white dashed line on Fig. [3](#Fig3){ref-type="fig"}b, at $\documentclass[12pt]{minimal}
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                \begin{document}$${V}_{{\rm{B}}}=-0.83$$\end{document}$ V. The results are shown in Fig. [3](#Fig3){ref-type="fig"}c. The eye-shaped crossing of the subgap conductance lines are the usual fingerprints of the Shiba state (see e.g. ref. ^[@CR50]^). The results presented in Fig. [3](#Fig3){ref-type="fig"} show that there is strong coupling between superconductor and quantum dot. In the previously shown measurements of Figs. [2](#Fig2){ref-type="fig"}, [3](#Fig3){ref-type="fig"}a and [3](#Fig3){ref-type="fig"}b, the enhanced conductance lines correspond to the Shiba state when its energy is tuned to zero by $\documentclass[12pt]{minimal}
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                \begin{document}$${V}_{{\rm{P}}}$$\end{document}$. These resonances (marked by white triangle and circle) correspond to the singlet-doublet and doublet-singlet transitions of the Shiba state. Since the position of the $\documentclass[12pt]{minimal}
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                \begin{document}$${G}_{{\rm{T}}}$$\end{document}$ enhancement lines coincides with these transitions, we conclude that---even in the case of large tunnel barriers when the quantum dot is coupled only to the superconductor (i.e. for $\documentclass[12pt]{minimal}
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                \begin{document}$${V}_{{\rm{B}}} \, {<}{-}1.1$$\end{document}$ V)---the conductance enhancement takes place when the energy of the Shiba state is tuned to zero. These results provide direct evidence that the tunneling electrode N indeed probes the Shiba state, and implies that the Shiba state extends in real space over the distance between the dot and the tunnel probe, separated by an impressive distance of 50--250 nm. Here the width of the FIB cut gives the lower and the entire width of the superconducting lead the upper bound (see Fig. [1](#Fig1){ref-type="fig"}c).

Further increased extension in magnetic field {#Sec5}
---------------------------------------------

A detailed analysis of the finite magnetic field behavior is presented on Fig. [4](#Fig4){ref-type="fig"}. Panel a shows the reduction of the superconducting gap, $\documentclass[12pt]{minimal}
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                \begin{document}$${B}_{{\rm{c}}}=230$$\end{document}$ mT, the critical field. The white dashed line is a fit, discussed below.Fig. 4Giant increase of the tunnel conductance in magnetic field.**a** Reduction of the superconducting gap with increasing magnetic field measured at $\documentclass[12pt]{minimal}
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                \begin{document}$${V}_{{\rm{B}}}=-0.6$$\end{document}$ V. The dashed line shows the fit with Eq. ([3](#Equ3){ref-type=""}). **b** Evolution of the conductance enhancement with magnetic field measured along the dashed line on Fig. [3](#Fig3){ref-type="fig"}a. The gray dotted lines are guides to the eye. **c** The excess current (spectral weight) associated with the zero-energy Shiba state on panel **b**. The curves show the integrated excess tunnel conductance, $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta {G}_{{\rm{T}}}({V}_{{\rm{P}}})$$\end{document}$, after subtracting the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${V}_{{\rm{P}}}$$\end{document}$ independent background conductance. For the red/blue curve the integration along $\documentclass[12pt]{minimal}
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                \begin{document}$${V}_{{\rm{P}}}$$\end{document}$ was carried out for resonance marked by triangle/circle on panel **b**. The integration window was converted to energy by the level arm of the dot. **d** NRG simulation of the excess current in the tunnel probe for different ratios of the distance between the dot and the tunnel probe, $\documentclass[12pt]{minimal}
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                \begin{document}$${x}_{{\rm{T}}}$$\end{document}$ and the zero field coherence length of Pb, $\documentclass[12pt]{minimal}
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                \begin{document}$${\varepsilon }_{{\rm{d}}}=-U/10$$\end{document}$.

The detailed evolution of the tunnel current enhancement with the magnetic field---measured along the dashed line in Fig. [3](#Fig3){ref-type="fig"}a at $\documentclass[12pt]{minimal}
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                \begin{document}$${V}_{{\rm{B}}}=-1.25$$\end{document}$ V---is shown on Fig. [4](#Fig4){ref-type="fig"}b. While close to $\documentclass[12pt]{minimal}
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                \begin{document}$$B=0$$\end{document}$, the peaks are barely visible, they are strongly enhanced with increasing magnetic field, particularly between 100 and 200 mT. For higher field values the peaks decrease and they disappear above $\documentclass[12pt]{minimal}
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                \begin{document}$${B}_{{\rm{c}}}$$\end{document}$. Note that the increasing separation of the conductance peaks with magnetic field is consistent with the Zeeman splitting of the Shiba state^[@CR61]^.

Discussion {#Sec6}
==========

To explain the magnetic field dependence of the conductance enhancement and to probe the spatial extension of the Shiba state, we have set up a theoretical framework that allows us to compute the tunneling current though the normal lead N in a N--SC--QD geometry in a non-perturbative fashion. We assume that the quantum dot is coupled to the superconductor at $\documentclass[12pt]{minimal}
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                \begin{document}$${{\bf{x}}}_{{\rm{T}}}$$\end{document}$. Moreover, we consider that the tunnel probe acts as an STM tip and measures the local density of states by injecting electrons at $\documentclass[12pt]{minimal}
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                \begin{document}$${{\bf{x}}}_{{\rm{T}}}$$\end{document}$. Electrons entering the superconductor propagate to the quantum dot, scatter on it, and propagate back to be extracted at a later time but at the same position (The model is detailed in the Methods).

For a practical calculation, we need to determine the $\documentclass[12pt]{minimal}
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                \begin{document}$$T$$\end{document}$-matrix that describes the scattering of the conduction electrons on the artificial atom. In our model, this is related to Green's function of the creation operators on the quantum dot, as first discussed by Langreth^[@CR73]^. Close to the parity changing transition and close to zero bias, the quasiparticles' contribution is irrelevant, and only the subgap states contribute. Using field theoretical methods, we computed the total current flowing from the normal lead through the Shiba state by performing a numerical renormalization group (NRG) calculation.

Figure [4](#Fig4){ref-type="fig"}c and d compare the experimental and NRG results as a function of magnetic field. In panel c the spectral weight for the experimental data is evaluated along the two dashed lines in panel b. The $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta {G}_{{\rm{T}}}({V}_{{\rm{P}}})$$\end{document}$ was integrated for the enhancement peaks (marked by circle and triangle) to get the total excess current/spectral weight induced by the Shiba state. The NRG-computed excess currents (see Eq. ([14](#Equ14){ref-type=""}) of Methods) are displayed for different ratios of $\documentclass[12pt]{minimal}
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                \begin{document}$${\xi }_{0}$$\end{document}$ in panel d, and show a close resemblance to the experimentally observed field dependence. For both panels and for low magnetic fields, the excess current strongly increases with the magnetic field, has a maximum, and linearly decreases at higher fields to vanish at the critical field, $\documentclass[12pt]{minimal}
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                \begin{document}$${B}_{{\rm{c}}}=230$$\end{document}$ mT.

In order to understand this field dependence, it is instructive to display the results obtained for a classical spin on the dot (see Methods). This minimal model captures most of the experimentally observed features and it is in good agreement with the NRG results (see Methods). In the classical case, the current carried by the Shiba state at the transition reads$$\documentclass[12pt]{minimal}
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                \begin{document}$${I}_{{\rm{Shiba}}}^{{\rm{Cl}}}=\frac{e}{h}\ {g}_{{\rm{NS}}}\ (| {u}_{{\rm{S}}}({{\bf{x}}}_{{\rm{T}}}){|}^{2}+| {v}_{{\rm{S}}}({{\bf{x}}}_{{\rm{T}}}){|}^{2})/ {\varrho }_{{\rm{S}}}.$$\end{document}$$Here $\documentclass[12pt]{minimal}
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                \begin{document}$${g}_{{\rm{NS}}}$$\end{document}$ stands for the dimensionless conductance of the N--SC contact in the normal state (in units of $\documentclass[12pt]{minimal}
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                \begin{document}$${v}_{{\rm{S}}}({{\bf{x}}}_{{\rm{T}}})$$\end{document}$ denote the electron and hole parts of the bound Shiba state's wavefunction, and $\documentclass[12pt]{minimal}
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                \begin{document}$${\varrho }_{{\rm{S}}}$$\end{document}$ is the density of states in the superconductor. The amplitude $\documentclass[12pt]{minimal}
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                \begin{document}$$| {u}_{{\rm{S}}}({{\bf{x}}}_{{\rm{T}}}){|}^{2}+| {v}_{{\rm{S}}}({{\bf{x}}}_{{\rm{T}}}){|}^{2}$$\end{document}$ can be easily computed for a spherical Fermi surface, yielding$$\documentclass[12pt]{minimal}
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                \begin{document}$$A({{\bf{x}}}_{{\rm{T}}})$$\end{document}$ a geometry, position, and spatial dimension dependent dimensionless amplitude, and $\documentclass[12pt]{minimal}
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                \begin{document}$${v}_{{\rm{F}}}$$\end{document}$ the Fermi velocity.

Apparently, the magnetic field dependence of the gap and thus that of the correlation length, $\documentclass[12pt]{minimal}
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                \begin{document}$${\xi }_{0}\to \xi (B)$$\end{document}$, is mostly responsible for the unusual magnetic field dependence observed in our experiment. In the framework of Ginzburg--Landau theory, the order parameter in an external magnetic field is given by $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta (B)={\Delta }_{0}{(1-{B}^{2}/{B}_{{\rm{c}}}^{2})}^{1/2}$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$${\Delta }_{0}\approx 0.25\ {\rm{meV}}$$\end{document}$ is the zero-field gap, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B$$\end{document}$ the magnetic field, and $\documentclass[12pt]{minimal}
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                \begin{document}$${B}_{{\rm{c}}}$$\end{document}$ stands for the critical magnetic field at which superconductivity vanishes. Experimentally, however, we find a slightly different functional form for the suppression, qualitatively similar to that observed in thin films^[@CR72],[@CR74]^ (dashed line on Fig. [4](#Fig4){ref-type="fig"}a), as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta (B)\approx {\Delta }_{0}\left(1-\frac{{B}^{2}}{{B}_{{\rm{c}}}^{2}}\right),$$\end{document}$$with $\documentclass[12pt]{minimal}
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                \begin{document}$${B}_{{\rm{c}}}=230$$\end{document}$ mT. Note that this value of the induced gap is smaller than the bulk, 1.1 meV gap of Pb^[@CR75]^, but comparable to the ones measured in similar films^[@CR64],[@CR76]^. For $\documentclass[12pt]{minimal}
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                \begin{document}$${x}_{{\rm{T}}} \, > \, {\xi }_{0}$$\end{document}$, Eq. ([3](#Equ3){ref-type=""}) together with Eq. ([2](#Equ2){ref-type=""}) implies an exponential increase in the current with increasing magnetic field and then a suppression close to $\documentclass[12pt]{minimal}
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                \begin{document}$${\xi }^{-1}$$\end{document}$. This is consistent with the upturn of measured current enhancement at low fields, below $\documentclass[12pt]{minimal}
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                \begin{document}$$120$$\end{document}$ mT (see Fig. [4](#Fig4){ref-type="fig"}c), and its suppression close to the critical field. According to Eq. ([2](#Equ2){ref-type=""}), the current should be maximal for $\documentclass[12pt]{minimal}
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                \begin{document}$$B\approx 180$$\end{document}$ mT -- where the total excess current is maximal (see Fig. [4](#Fig4){ref-type="fig"}c)---this condition yields to $\documentclass[12pt]{minimal}
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                \begin{document}$${x}_{{\rm{T}}}\approx 3{\xi }_{0}$$\end{document}$. Note, however, that the theory slightly overestimates the magnetic field value where the excess current is maximal -- and so underestimates the ratio of $\documentclass[12pt]{minimal}
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                \begin{document}$${x}_{{\rm{T}}}/{\xi }_{0}$$\end{document}$. This deviation may originate from the fact that our model idealizes the setup, i.e. neglects the presence of quasiparticles and a possibly finite subgap density of states. Keeping this deviation in mind, the obtained ratio is still roughly consistent with our geometrical parameters, the separation of the quantum dot and the normal electrodes $\documentclass[12pt]{minimal}
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                \begin{document}$${x}_{{\rm{T}}}\approx$$\end{document}$ 50--250 nm, and a reduced coherence length, $\documentclass[12pt]{minimal}
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                \begin{document}$${\xi }_{0}\approx$$\end{document}$ 20--40 nm, compatible with a diffusive superconductor.

Let us turn to differences compared to typical STM measurements of Shiba states: In STM characterization of the Shiba wavefunction, $\documentclass[12pt]{minimal}
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                \begin{document}$${I}_{{\rm{Shiba}}}$$\end{document}$ is significantly weaker. Moreover, it oscillates upon varying the tip-adatom distance, $\documentclass[12pt]{minimal}
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                \begin{document}$${{\bf{x}}}_{{\rm{T}}}$$\end{document}$, and becomes unobservable at distances larger than 10 nm for 3D superconductors. These characteristic differences originate in the quite different geometries used in our setup and in STM experiments.

In STM measurements, the amplitude $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$| A({{\bf{x}}}_{{\rm{T}}}){|}^{2}$$\end{document}$ is responsible for the spatial oscillations. It has a modulation of $\documentclass[12pt]{minimal}
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                \begin{document}$$| \sin ({k}_{{\rm{F}}}{x}_{{\rm{T}}}){|}^{2}$$\end{document}$, which originates in the point-like nature of the tunnel probe^[@CR30],[@CR39]^, and the fact that one usually tunnels either to the electron- or hole-like states with amplitudes $\documentclass[12pt]{minimal}
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                \begin{document}$$| {v}_{{\rm{S}}}({{\bf{x}}}_{{\rm{T}}}){|}^{2}$$\end{document}$, respectively. In contrast, in our setup, two effects seem to eliminate these oscillations. First, the N--SC interface has a large tunnel surface ($\documentclass[12pt]{minimal}
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                \begin{document}$$d$$\end{document}$ is the nanowire diameter, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\approx 80$$\end{document}$ nm), and the nanowire contains many conductance channels. Therefore, averaging for different distances and tunneling paths is expected to reduce oscillations both in distance (not accessible in our setup) as well as in the $\documentclass[12pt]{minimal}
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                \begin{document}$$B$$\end{document}$ field dependence^[@CR77]^. We remark that to observe magnetic field-induced quantum fluctuations, one would need to pierce more than a flux quantum through the tunneling area, which would require a field comparable or larger than the critical field, $\documentclass[12pt]{minimal}
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                \begin{document}$${B}_{{\rm{c}}}$$\end{document}$. Second, possibly more importantly, at the transition point the electron and hole-like contributions add up and, surprisingly, the combination $\documentclass[12pt]{minimal}
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                \begin{document}$$| {u}_{{\rm{S}}}({{\bf{x}}}_{{\rm{T}}}){|}^{2}+| {v}_{{\rm{S}}}({{\bf{x}}}_{{\rm{T}}}){|}^{2}$$\end{document}$does not contain any oscillating term in any dimension. This indicates that the interference effects probably play little role right at the transition, where our measurements were carried out. Note, that away from the transition point, where the Shiba state is at finite energy, the Shiba-related conductance enhancement of the tunnel probe was also observed, but it was weaker in accordance with the argument above (for details see Supplementary Note [2](#MOESM1){ref-type="media"}).
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                \begin{document}$${I}_{{\rm{Shiba}}}$$\end{document}$ for typical STM experiments is a result of two factors: the weak tunnel coupling $\documentclass[12pt]{minimal}
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                \begin{document}$${g}_{{\rm{NS}}}$$\end{document}$ is relatively large, in the range of 0.1--1. Additionally, the N--SC tunneling area is very large, $\documentclass[12pt]{minimal}
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                \begin{document}$$| A({{\bf{x}}}_{{\rm{T}}}){|}^{2}$$\end{document}$, in close resemblance to lower dimensional superconductors. A combination of these effects can explain how the Shiba state can be observed even from a remote position, significantly larger than the one in STM measurements^[@CR37]--[@CR40]^. In our quantum dot based setup, the observation distance is determined essentially only by the coherence length of the superconductor, and the coupling between Shiba states hosted around quantum dots can be achieved at significantly larger distances than in case of adatoms.

Finally, let us contrast our findings with the results of Cooper pair splitter measurements, where two quantum dots are attached to both sides of the superconductor, and contrary to our setup, current flows from the superconductor through both quantum dots towards the normal leads. Current correlations between the two arms are induced by splitting up Cooper pairs^[@CR78]--[@CR82]^. There, electronic correlations extend over distances of about 50--200 nm, comparable with the separation $\documentclass[12pt]{minimal}
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                \begin{document}$${I}_{{\rm{Shiba}}}$$\end{document}$ increases in a magnetic field, the Cooper pair splitting signal gets strongly suppressed^[@CR83]^.

In conclusion we have studied the Shiba state in a SC--QD hybrid device by measuring the differential conductance in a tunnel probe attached to the superconductor at distance of 50--250 nm away from the quantum dot. A large current enhancement has been observed when the Shiba resonance is tuned to zero energy. In an external magnetic field, the signal is further enhanced, implying an exponential growth for the extension of the Shiba state. The observed behavior is consistent with our microscopic theoretical model and field theoretical calculations. In our device, we can access the Shiba state from a remarkably large distance compared to previous experiments on magnetic impurities on superconducting substrates. These results establish an important milestone towards the realization of Shiba chains implemented by a series of quantum dots attached to superconductors.

Methods {#Sec7}
=======

Sample fabrication and measurement details {#Sec8}
------------------------------------------

An SEM micrograph of the measured device is shown in Fig. [1](#Fig1){ref-type="fig"}b. First, 9 bottom gate electrodes were defined by electron beam lithography and evaporation of 4 nm Ti and 18 nm Pt. Two $\documentclass[12pt]{minimal}
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                \begin{document}$$1.3\ \mu$$\end{document}$m wide gates were used below the normal contacts and one, 250 nm wide below the superconductor. The remaining 3 + 3 bottom gates are 30 nm wide with 100 nm period. The gates were covered by 25 nm SiN$\documentclass[12pt]{minimal}
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                \begin{document}$${}_{{\rm{x}}}$$\end{document}$, using plasma enhanced chemical vapor deposition, to serve as an insulating layer^[@CR70]^. The SiN$\documentclass[12pt]{minimal}
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                \begin{document}$${}_{{\rm{x}}}$$\end{document}$ was removed at the end of bottom gate electrodes by reactive ion etching with CHF$\documentclass[12pt]{minimal}
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                \begin{document}$${}_{2}$$\end{document}$^[@CR84]^, to contact the gate electrodes. The InAs nanowire was deposited by micro-manipulator onto the SiN$\documentclass[12pt]{minimal}
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                \begin{document}$${}_{{\rm{x}}}$$\end{document}$ layer, approximately perpendicular to the bottom gates. The NWs were grown by gold catalyst assisted MBE growth^[@CR85],[@CR86]^, using a two-step growth method to suppress the stacking faults^[@CR87]^. The normal (N and N$\documentclass[12pt]{minimal}
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                \begin{document}$${}_{{\rm{QD}}}$$\end{document}$), Ti/Au (4.5/100 nm) and superconducting (SC), Pd/Pb/In (4.5/110/20 nm) contact were defined in further e-beam lithography and evaporation steps^[@CR76]^. The later has a width of 250 nm. Prior to the evaporation, the nanowire was passivated in ammonium sulfide solution to remove the native oxide from the surface^[@CR88]^.

Prior to the deposition of the superconducting contact the nanowire was cut by FIB to prevent direct tunneling between the NW segments, which can lead to spurious effects^[@CR70],[@CR71]^. The width of the FIB cut was about 50 nm, giving a lower bound for the distance of the quantum dot and the tunnel probe.

The measurements were done in a Leiden Cryogenics CF-400 top loading cryo-free dilution refrigerator equipped with a 9+3 T 2D vector-magnet. The measurements were done at a bath temperature of 35 mK. Prior to the cool down, the sample was pumped overnight to remove the adsorbed water contamination from the surface of the nanowire. The currents were measured by standard lock-in technique at 237 Hz. The AC signal of $\documentclass[12pt]{minimal}
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                \begin{document}$${V}_{{\rm{AC}}}=10\ \mu$$\end{document}$V was applied to the superconducting electrode. The currents in the left and right arm were measured simultaneously via the two normal leads by home-built I/V converters. The DC bias was applied symmetrically to the normal leads. An in-plane magnetic field was applied parallel to the superconducting electrode, perpendicular to the nanowire. The circuit diagram is shown in Fig. [5](#Fig5){ref-type="fig"}. In most of the measurements presented in the main text, N$\documentclass[12pt]{minimal}
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                \begin{document}$${g}_{{\rm{B}}}$$\end{document}$.Fig. 5Device geometry.Schematics of the cross-section of the device together with the circuit diagram.

Shiba bound state and the parity crossing transition {#Sec9}
----------------------------------------------------

We model the superconductor using the s-wave BCS theory^[@CR89]^$$\documentclass[12pt]{minimal}
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                \begin{document}$${H}_{{\rm{SC}}}=\sum _{{\bf{k}}\sigma }{\varepsilon }_{{\bf{k}}}{c}_{{\bf{k}}\sigma }^{\dagger }{c}_{{\bf{k}}\sigma }+\Delta \left({c}_{{\bf{k}}\uparrow }^{\dagger }{c}_{-{\bf{k}}\downarrow }^{\dagger }+{\rm{{h.c.}}}\right),$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$${c}_{{\bf{k}}\sigma }^{\dagger }$$\end{document}$ is the creation operator of a spin $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta$$\end{document}$ is the superconducting order parameter, which can be considered real.

The QD can be described by means of the Anderson model,$$\documentclass[12pt]{minimal}
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                \begin{document}$${\varepsilon }_{d}$$\end{document}$ is the single particle energy and $\documentclass[12pt]{minimal}
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                \begin{document}$$U$$\end{document}$ is the on-site Coulomb energy. The operator $\documentclass[12pt]{minimal}
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                \begin{document}$${d}_{\sigma }^{\dagger }$$\end{document}$ here creates an electron with spin $\documentclass[12pt]{minimal}
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                \begin{document}$${n}_{\sigma }={d}_{\sigma }^{\dagger }{d}_{\sigma }$$\end{document}$. In our geometry the dot is located at the position $\documentclass[12pt]{minimal}
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                \begin{document}$${\bf{x}}=0$$\end{document}$ and is tunnel-coupled to the superconductor (See Fig. [6](#Fig6){ref-type="fig"}a), as described by the Hamiltonian$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$${\alpha }_{{\bf{k}}}$$\end{document}$, normalized to one at the Fermi surface, $\documentclass[12pt]{minimal}
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                \begin{document}$${\langle |{\alpha }_{{\bf{k}}}{|}^{2}\rangle }_{{\rm{F.S.}}}=1$$\end{document}$, accounts for the directional dependence of the tunneling, and prefers tunneling directions perpendicular to the SC--QD interface in our geometry.Fig. 6Phase diagram.**a** Schematics with all the energies involved. **b** The typical phase diagram. The dome is the boundary for the stability of the magnetic doublet state (inside) versus the singlet ground state (outside).

In the local moment regime, we can neglect charge fluctuations of the dot, and describe it in terms of a simple Kondo model,$$\documentclass[12pt]{minimal}
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                \begin{document}$${J}_{{\bf{k}}{\bf{k}}^{\prime} }={\alpha }_{{\bf{k}}}{\alpha }_{{\bf{k}}^{\prime} }{J}_{0}$$\end{document}$, and $\documentclass[12pt]{minimal}
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                \begin{document}$${J}_{0}\propto {t}_{{\rm{S}}}^{2}/U$$\end{document}$ the exchange coupling to the spin of the quantum dot, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\bf{S}}$$\end{document}$.

This latter Hamiltonian can be solved exactly in the classical limit^[@CR28]^, where one finds a subgap resonance at an energy:$$\documentclass[12pt]{minimal}
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                \begin{document}$$j={J}_{0}{\varrho }_{{\rm{S}}}$$\end{document}$ stands for the standard dimensionless Kondo coupling. With increasing coupling strength the bound state energy $\documentclass[12pt]{minimal}
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                \begin{document}$${E}_{0}$$\end{document}$ eventually crosses zero, and the impurity binds to itself a quasiparticle of opposite spin direction.

Although this classical calculation captures the parity changing transition, determines its location incorrectly. In reality, the phase transition originates from the competition between the superconducting correlations and the Kondo screening of the spin, and the transition takes place when $\documentclass[12pt]{minimal}
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                \begin{document}$${T}^{* }$$\end{document}$ a characteristic Fermi liquid temperature scale. Deep in the local moment regime, $\documentclass[12pt]{minimal}
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                \begin{document}$${T}^{* }\simeq {T}_{{\rm{K}}}$$\end{document}$, but it becomes of the order of the tunneling rate $\documentclass[12pt]{minimal}
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                \begin{document}$${\Gamma }_{{\rm{S}}}$$\end{document}$ between the dot and the superconductor close to the mixed valence regime. For $\documentclass[12pt]{minimal}
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                \begin{document}$${T}^{* }< \, \Delta$$\end{document}$, the spin of the dot remains unscreened down to zero temperature, resulting in a doublet ground state $\documentclass[12pt]{minimal}
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                \begin{document}$$\left|\Uparrow \right\rangle ,\left|\Downarrow \right\rangle$$\end{document}$} and a first excited singlet state, $\documentclass[12pt]{minimal}
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                \begin{document}$$\left|S\right\rangle$$\end{document}$, the so-called Shiba state inside the gap. By increasing the tunneling rate $\documentclass[12pt]{minimal}
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                \begin{document}$${\Gamma }_{{\rm{S}}}$$\end{document}$, the spin in the QD binds a quasiparticle from the superconductor, and $\documentclass[12pt]{minimal}
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                \begin{document}$$\left|S\right\rangle$$\end{document}$ becomes the ground state. The corresponding qualitative phase diagram is displayed in Fig. [6](#Fig6){ref-type="fig"}b.

In the experiments, changing the voltage $\documentclass[12pt]{minimal}
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                \begin{document}$${V}_{{\rm{P}}}$$\end{document}$ corresponds to moving along the red horizontal line in the phase diagram. At the intersections with the "dome" (denoted by the circle and the triangle), the Shiba state is at zero energy, and is in resonance with the Fermi energy, $\documentclass[12pt]{minimal}
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                \begin{document}$${E}_{{\rm{F}}}$$\end{document}$ of the tunneling electrode N, leading to the observed sudden increase in the zero voltage differential conductance.

Tunnel conductance and current {#Sec10}
------------------------------

In our setup, the normal lead acts as an STM tip measuring the differential conductance across the device at a point $\documentclass[12pt]{minimal}
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                \begin{document}$${{\bf{x}}}_{{\rm{T}}}$$\end{document}$ away from the dot. In the small SC--N tunneling limit Andreev processes can be neglected, and tunneling from the normal electrode to the superconductor yields at $\documentclass[12pt]{minimal}
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